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Abstract

Markov decision processes (MDPs) with discrete and contin-
uous state and action components can be solved efficiently by
hybrid approximate linear programming (HALP). The main
idea of the approach is to approximate the optimal value func-
tion by a set of basis functions and optimize their weights by
linear programming. It is known that the solution to this con-
vex optimization problem minimizes theL1-norm distance in
between the optimal value function and its approximation. In
this paper, we relate this measure to the max-norm error of the
same value function. We believe that this theoretical analysis
may help to understand the quality of HALP approximations
in continuous domains.

Introduction
Markov decision processes (MDPs) (Bellman 1957; Puter-
man 1994) provide an elegant mathematical framework for
solving sequential decision problems in the presence of un-
certainty. However, traditional techniques for solving MDPs
are computationally infeasible in real-world domains, which
are factored and represented by both discrete and continuous
state and action variables. Approximate linear programming
(ALP) (Schweitzer & Seidmann 1985) has recently emerged
as a promising approach to address these challenges (Kveton
& Hauskrecht 2006).

Our paper centers around hybrid ALP (HALP) (Guestrin,
Hauskrecht, & Kveton 2004), which is an established frame-
work for solving large factored MDPs with discrete and con-
tinuous state and action variables. The main idea of the ap-
proach is to approximate the optimal value function by a lin-
ear combination of basis functions and optimize it by linear
programming (LP). The combination of factored reward and
transition models with the linear value function approxima-
tion permits the scalability of the approach.

The quality of HALP solutions inherently depends on the
choice of basis functions. Therefore, it is often assumed that
these are provided as a part of the problem definition, which
is unrealistic. The goal of this paper is to analyze the quality
of HALP approximations. Based on the analysis, we provide
a simple advice for selecting basis functions.

Hybrid factored MDPs
Discrete-state factored MDPs (Boutilier, Dearden, & Gold-
szmidt 1995) permit a compact representation of stochastic

decision problems by exploiting their structure. In this work,
we consider hybrid factored MDPs with exponential-family
transition models (Kveton & Hauskrecht 2006). This model
extends discrete-state factored MDPs to the domains of dis-
crete and continuous state and action variables.

A hybrid factored MDP with an exponential-family tran-
sition model (HMDP)(Kveton & Hauskrecht 2006) is given
by a 4-tupleM = (X,A, P,R), whereX = {X1, . . . ,Xn}
is a state space characterized by a set of discrete and contin-
uous variables,A = {A1, . . . , Am} is an action space repre-
sented by action variables,P (X′ | X,A) is an exponential-
family transition model of state dynamics conditioned on the
preceding state and action choice, andR is a reward model
assigning immediate payoffs to state-action configurations.1

In the remainder of the paper, we assume that the quality of a
policy is measured by theinfinite horizon discounted reward
E[

∑∞
t=0 γtrt], whereγ ∈ [0, 1) is adiscount factorandrt

is the reward obtained at the time stept.

Hybrid ALP

Value iteration, policy iteration, and linear programmingare
the most fundamental dynamic programming (DP) methods
for solving MDPs (Puterman 1994; Bertsekas & Tsitsiklis
1996). Unfortunately, none of these methods is suitable for
solving hybrid factored MDPs. First, their complexity grows
exponentially in the number of state variables if the variables
are discrete. Second, these methods assume a finite support
for the optimal value function or policy, which may not exist
if continuous variables are present. As a result, any feasible
approach to solving arbitrary HMDPs is likely to be approx-
imate. To compute these approximate solutions, Munos and
Moore (2002) proposed an adaptive non-uniform discretiza-
tion of continuous-state spaces and Fenget al. (2004) used
DP backups of piecewise constant and piecewise linear value
functions.
Linear value function model: Since a factored representa-
tion of an MDP may not guarantee a structure in the optimal
value function or policy (Koller & Parr 1999), we resort to
linear value function approximation(Bellman, Kalaba, &

1General state and action space MDPis an alternative name for
a hybrid MDP. The termhybrid does not refer to the dynamics of
the model, which is discrete-time.



Kotkin 1963; Van Roy 1998):

V w(x) =
∑

i

wifi(x). (1)

This approximation restricts the form of the value function
V w to the linear combination of|w| basis functionsfi(x),
wherew is a vector of tunable weights. Every basis function
can be defined over the complete state spaceX, but often is
restricted to a subset of state variablesXi (Bellman, Kalaba,
& Kotkin 1963; Koller & Parr 1999).

Similarly to discrete-state ALP (Schweitzer & Seidmann
1985),hybrid ALP (HALP)(Guestrin, Hauskrecht, & Kve-
ton 2004) optimizes the linear value function approximation
(Equation 1). Therefore, it transforms an initially intractable
problem of estimatingV ∗ in the hybrid state spaceX into a
lower dimensional spacew. The HALP formulation is given
by a linear program:

minimizew
∑

i

wiαi (2)

subject to:
∑

i

wiFi(x,a) − R(x,a) ≥ 0 ∀ x,a;

wherew represents the variables in the LP,αi denotesbasis
function relevance weight:

αi = Eψ(x)[fi(x)] (3)

=
∑

xD

∫

xC

ψ(x)fi(x) dxC ,

ψ(x) is astate relevance density functionweighting the ap-
proximation, andFi(x,a) = fi(x) − γgi(x,a) is the dif-
ference between the basis functionfi(x) and its discounted
backprojection:

gi(x,a) = EP (x′|x,a)[fi(x
′)] (4)

=
∑

x
′

D

∫

x
′

C

P (x′ | x,a)fi(x
′) dx′

C .

VectorsxD (x′
D) andxC (x′

C) are the discrete and continu-
ous components of value assignmentsx (x′) to all state vari-
ablesX (X′). The HALP formulation is feasible if the set of
basis functions contains a constant functionf0(x) ≡ 1. We
assume that such a basis function is always present.

In the remainder of this paper, we analyze the quality of
HALP approximations. Please refer to Hauskrecht and Kve-
ton (2004), Guestrinet al. (2004), Kveton and Hauskrecht
(2005), and Kveton and Hauskrecht (2006) for information
on how to apply and solve HALP formulations.

Existing work
De Farias and Van Roy (2003) analyzed the quality of ALP.
Based on their work, we may conclude that optimization of
the objective functionEψ[V w] in HALP is identical to mini-
mizing theL1-norm error‖V ∗ − V w‖1,ψ. This equivalence
can be proved from the following proposition.

Proposition 1 Letw̃ be a solution to the HALP formulation
(2). ThenV w̃ ≥ V ∗.

Proof: The Bellman operatorT ∗ is a contraction mapping.
Based on its monotonicity,V ≥ T ∗V impliesV ≥ T ∗V ≥
· · · ≥ V ∗ for any value functionV . Since constraints in the
HALP formulation (2) enforceV w̃ ≥ T ∗V w̃, we conclude
V w̃ ≥ V ∗.

Based on Proposition 1, we know that HALP optimizes the
linear value function model with respect to the weightedL1-
norm error‖V ∗ − V w‖1,ψ. The following theorem bounds

the quality of a greedy policy for the value functionV w̃.

Theorem 1 Let w̃ be an optimal solution to the HALP for-
mulation (2). Then the expected error of a greedy policy:

u(x) = arg sup
a

[
R(x,a) + γEP (x′|x,a)

[
V w̃(x′)

]]

can be bounded as:

‖V ∗ − V u‖1,ν ≤
1

1 − γ

∥∥∥V ∗ − V w̃

∥∥∥
1,µu,ν

,

where‖·‖1,ν and‖·‖1,µu,ν
are weightedL1-norms,V u is a

value function for the greedy policyu, andµu,ν denotes the
expected frequency of state visits generated by following the
policyu given the initial state distributionν.

Based on Theorem 1, the state relevance density functionψ
should resemble the expected frequency of state visitsµu,ν .
Unfortunately,µu,ν is unknown unlessV w̃ is known, which
is optimized with respect to the unknown distributionµu,ν .
To break this cycle, de Farias and Van Roy (2003) suggested
an iterative scheme that resolves several LPs and adaptsµu,ν

accordingly. Alternatively, real-world control problemsof-
ten exhibit a lot of structure, which permits guessing ofµu,ν .

Error bounds
This section demonstrates how to bound the max-norm error
‖V ∗ − V w‖∞ of a linear approximationV w in terms of its
L1-norm error‖V ∗ − V w‖1,ψ. This result is a step towards
understanding the quality of HALP approximations. For in-
stance, based on the work of Williams and Baird III (1993),
we can bound the loss of acting greedily with respect to the
value functionV w by its max-norm error‖V ∗ − V w‖∞. In
combination with our work (Theorems 2 and 3), we can de-
rive max-norm bounds on the quality of greedy policies for
HALP approximations. Note that Theorem 1 only provides
bounds on theL1-norm errors of greedy policies.

For discrete-state factored MDPs, we can easily prove the
following proposition.

Proposition 2 Let w̃ be an optimal solution to the HALP
formulation (2) with discrete state variables. Then the max-
norm error ofV w̃ can be bounded as:

∥∥∥V ∗ − V w̃

∥∥∥
∞,ψ

≤
∥∥∥V ∗ − V w̃

∥∥∥
1,ψ

,

where‖·‖1,ψ and‖·‖∞,ψ areL1 and infinity norms weighted
by the state relevance density functionψ.

Proof: The claim directly follows from the definition of the
norms‖·‖1,ψ and‖·‖∞,ψ.
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Figure 1: A graphical representation of the bound from The-
orem 2 in a single dimension. Light and dark gray regions
correspond to the integrals‖f‖1 and‖g‖1,[xδ,xε].

Unfortunately, this bound is loose and not of much practical
interest. In the remainder of this section, we prove a tighter
bound for continuous-state spaces. The notion of continuity
is captured through the Lipschitz condition.

Definition 1 The functionf(x) is Lipschitz continuousif:

|f(x) − f(x′)| ≤ K ‖x − x
′‖∞ ∀ x,x′; (5)

whereK is referred to as aLipschitz constant.

In the rest of the paper, it is useful to think of the max-norm
(L1-norm) as being the supremum (integral) of a function.

Theorem 2 Let w̃ be an optimal solution to the HALP for-
mulation (2) with continuous state variables. If the function:

f(x) = ψ(x)
∣∣∣V ∗(x) − V w̃(x)

∣∣∣

is Lipschitz continuous, and there exists a statexδ such that
f(xδ) ≤ δ, the max-norm error ofV w̃ can be bounded as:

∥∥∥V ∗ − V w̃

∥∥∥
∞,ψ

≤ δ + K

min





n

√
‖V ∗ − V w̃‖1,ψ

δC
,

n+1

√
2 ‖V ∗ − V w̃‖1,ψ

KC



 ,

where‖·‖1,ψ and‖·‖∞,ψ areL1 and infinity norms weighted
by the state relevance density functionψ, n is the number of
state variables,K represents the Lipschitz constant off(x),
andC is a problem-specific constant.

Proof: To prove the theorem, we define a function:

g(x) = δ + K ‖x − xδ‖1 . (6)

It follows that the functiong(x) is an upper bound onf(x)
becausef(xδ) ≤ δ, ‖x − xδ‖1 ≥ ‖x − xδ‖∞, andK is the
Lipschitz constant off(x). Furthermore,g(x) is increasing
faster thanf(x) in every dimension. As a result, there exists

a pointxε such thatg(xε) ≥ ‖f‖∞, and the integral ofg(x)
betweenxδ andxε is smaller or equal to‖f‖1. A graphical
interpretation of this situation in a single dimension is shown
in Figure 1.

In general, the integral‖g‖1,[xδ,xε] can be computed as:

‖g‖1,[xδ,xε] =

[
δ +

K

2
ε

] n∏

i=1

εi,

whereεi = |xεi − xδi|, ε = ‖xε − xδ‖1, andn denotes the
number of state variablesX. Sinceε =

∑n
i=1 εi, we rewrite

the equation as:

‖g‖1,[xδ,xε] = C

[
δ +

K

2
ε

]
εn,

whereC =
∏n

i=1(εi/ε) is a problem-specific constant that
guaranteesg(xε) ≥ ‖f‖∞. The constantC is bounded from
above byn−n. Finally, we recognize thatC, δ, K, andε are
always nonnegative, which leads to the conclusion:

ε ≤ min

{
n

√
‖f‖1

δC
,

n+1

√
2 ‖f‖1

KC

}
(7)

assuming‖g‖1,[xδ,xε] ≤ ‖f‖1. Direct combination of Equa-
tions 6 and 7 yields our final result.
To make the bound in Theorem 2 practical, we have to assure
a low Lipschitz factorK and the existence of a statexδ such
thatf(xδ) ≤ δ. We cannot guarantee the existence of such a
state yet. However, we can affect the factorK by the choice
of basis functions and state relevance densities. In particular,
to achieve a low valueK, we should use basis functions that
yield close approximations toV ∗. In practice, this condition
cannot be guaranteed unless we knowV ∗. Furthermore, the
Lipschitz factor ofV ∗ may be large itself. To address these
concerns, we generalize Theorem 2 to an arbitrary partition-
ing of the state spaceX.

Theorem 3 Let w̃ be an optimal solution to the HALP for-
mulation (2) with continuous state variables. If:

Ω =
{
ω1, . . . , ω|Ω|

}

is a mutually-exclusive partitioning of the state spaceX, the
function:

f(x) = ψ(x)
∣∣∣V ∗(x) − V w̃(x)

∣∣∣

is Lipschitz continuous on each partition, and there existsa
statexδω

for everyω such thatf(xδω
) ≤ δω, the max-norm

error of V w̃ can be bounded as:

∥∥∥V ∗ − V w̃

∥∥∥
∞,ψ

≤ max
ω∈Ω

{
δω + Kω

min





n

√
‖V ∗ − V w̃‖1,ψω

δωCω

,
n+1

√
2 ‖V ∗ − V w̃‖1,ψω

KωCω







 ,

where the explanation of symbols is identical to Theorem 2.
All subscripted symbols are partition-specific.



Proof: Based on the definition of the max-norm‖·‖∞,ψ, we
conclude:∥∥∥V ∗ − V w̃

∥∥∥
∞,ψ

= max
ω∈Ω

∥∥∥V ∗ − V w̃

∥∥∥
∞,ψω

,

whereψω(x) = ψ(x)1x∈ω(x), and1x∈ω(x) is the indicator
function of the partitionω. The final result is a consequence
of bounding each

∥∥V ∗ − V w̃

∥∥
∞,ψω

by Theorem 2.

Theorem 2 provides an insight into the relation between the
L1-norm objective

∥∥V ∗ − V w̃

∥∥
1,ψ

and the max-norm error∥∥V ∗ − V w̃

∥∥
∞,ψ

. The max-norm error can be minimized by

loweringL1-norm errors
∥∥V ∗ − V w̃

∥∥
1,ψω

if the growth rate
of Kω andδω is controlled. This result leads to an intuitive
advice for choosing basis functions. If the shape of the value
functionV ∗ is not known, we should prefer smooth approx-
imations. These are not likely to inflate Lipschitz constants
Kω whereV ∗ is smooth.

Conclusions
Development of efficient methods for solving large factored
MDPs is a challenging problem. In this paper, we analyzed
the quality of linear approximations and bounded their max-
norm error by the objective value in HALP. We believe that
this analysis can help us to understand the quality of HALP
approximations in continuous domains.
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